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We show that thermal radiation from a topological insulator carries a nonzero average spin angular
momentum.
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Thermal radiation, both at far and near field, has ap-
plications in many areas ranging from radiative cooling1,
thermophotovoltaic systems2 and thermal imaging3.
Nanolythography techniques4 can tailor the radiation by
engineering structures having lengthscales complarable
to the characteristic wavelength of thermal emission. In
particular, chiral photonic crystal having a polarization
dependent bandgap5 or metasurface with unit cells lack-
ing mirror symmetry6 have been reported to emit circu-
larly polarized radiation. However owing to the design
and fabrication complexity7, it is desirable to have ther-
mal radiation with circular polarization property from
a material having simple planar geometry without any
added layered or surface structure.
A solution to this problem can be offered by topolog-
ical insulator8 (TI) with its property of mixing electric
and magnetic fields9. The corresponding magnetoelectric
coupling can cause an electric field to induce magnetiza-
tion and a magnetic field to induce polarization in these
materials giving rise to unusual electromagnetic phenom-
ena including induction of image magnetic monopole10,
half-integer quantum Hall effect11, Faraday rotation12
etc. This new physics also manifests itself in the ther-
mal emission from TIs, as we show in this letter, in the
form of emergence of spin angular momentum in the ra-
diation.
Under the equilibrium interaction with the environ-
ment, TIs will have energy contribution to the thermal
radiation from its surface state electrons through the in-
elastic backscattering with phonons13. Spin-momentum
locking of the scattered electrons will result in a nonzero
correlation among the fluctuating spin currents. This
would lead to a thermal radiation which will have some
degree of circular polarization and hence will carry a
nonzero average spin angular momentum.
For design simplicity we consider a semi-infinite slab
of a TI, described by permittivity , with an air inter-
face as shown in Fig. 1 (without loss of generality, the
subsequent analysis will inherently restrict our attention
to the helical states only at one edge). In the presence
of the magnetoelectric coupling, Maxwell equations for
TIs retain the usual form9 with a modified displacement
current D = E− κB and magnetic field H = B/µ+ κE
where κ = αΘ plays the the role of magnetoelectrical
susceptibility with α being the fine structure constant
and Θ being the (quantized) axion field14. While this
axion model9 is limited to the frequency below the bulk
TI
air
FIG. 1. Schematic of a semi-infinite slab of a topological insulator
(TI) as a thermal emitter into air.
bandgap, the corresponding cutoff in actual TIs is well
above the thermal frequency range15, which justifies the
use of the model for thermal purposes.
At equilibrium the TI slab at temperature T will act as
a thermal bath of photons with the emission flux depend-
ing on transmission from TI into the air. From Rytov’s
formulation of fluctuation electrodynamics16 the state of
polarization of these thermal photons will be given by the
stationary eigenstates of the scattering matrix, which in
this case is simply the reflection matrix of the slab-air in-
terface. For a usual isotropic dielectric these eigenstates
would be the usual linear |s〉 and |p〉 polarized light.
Due to the magnetoelectric coupling the eigenstates
inside a TI become a linear combination of |s〉 and |p〉
polarizations given by
|q±〉 = ξ±
(
η|p〉+ (γ ±
√
η2 + γ2)|s〉
)
, (1)
where η = 2κ
√
, γ = 1+κ2− and ξ± are normalization
constants: 〈q+|q+〉 = 〈q−|q−〉 = 1. Note that in the ab-
sence of loss the coefficients are real and consequently, the
eigenstates are still linearly polarized. However, the two
polarization directions are now rotated about the prop-
agation direction while maintaining orthogonality with
each other, and are no longer either perpendicular to or
confined in the plane of incidence as in the cases for the
usual |s〉 or |p〉 polarizations, respectively. In this case
the emitted photon in the air would still retain linear
polarization. Since spin angular momentum for linearly
polarized light is zero17, for a lossless TI each individ-
ual photon and the thermal radiation as a whole will not
carry any spin angular momentum.
However, presence of a nonzero loss is essential for
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2emission of thermal radiation. Because of the notice-
able absorption in existing TIs18, the eigenstates for the
thermal photon become complex linear combinations of
|s〉 and |p〉 polarization. As a result, the eigenstates now
show elliptic polarization and each radiated photon car-
ries a nonzero spin angular momentum.
Using Rytov’s theory for the total spin angular mo-
mentum flux in the normal direction (with respect to the
TI-air interface) we obtain
Jn =
∫
dω
∫
dϑ ρ(ω)
c
n
cosϑ′
(
1− |r+|
2 + |r−|2
2
)
Sn ,
(2)
where
ρ(ω) =
ω2n3
pi2c3
1
exp (~ω/kT )− 1 (3)
is the photon density at a particular frequency ω, n is the
real part of refractive index of the TI, ϑ′ is the angle of
photon incidence corresponding to the emission angle ϑ
(see Fig. 1), and Sn is the normal component of ensemble
averaged per photon spin angular momentum. Also
r± =
1
∆
(
β ±
√
η2 + γ2
)
(4)
are the reflection coefficients from TI into the air for the
two polarization states |q±〉. Here, β = /ν − ν and
∆ = − (1 + κ2 + + /ν + ν) with ν = kn,TI/kn,air, and
the subscript n corresponds to the normal component of
the wavevector in the respective media.
When a photon in either of the two eigenstates |q±〉
emerges outside the TI, it will assume a correspond-
ing new state |w±〉 ∝ T |q±〉 (with the normalization:
〈w±|w±〉 = 1), where T is the transmission matrix from
TI into the air, having a representation in the |p〉 − |s〉
basis given by
T = − 2
∆
(
(ν + 1)
√
 κν
−κ√ (+ ν)
)
. (5)
The spin angular momentum carried by each such photon
will be given by
S± = 2~ Im (〈p|w±〉∗〈s|w±〉) kˆ , (6)
where kˆ is the unit vector along the propagation direction
and ∗ denotes complex conjugation. Detailed calculation
shows that S+ = S− and neither S+ nor S− depends on
the emission angle ϑ.
To visualize these results, we represent the polariza-
tion state of a photon described by cos θ2 |p〉+ eiφ sin θ2 |s〉
as a point on the Poincare´ sphere (as shown in Fig. 2)
where the three axes X,Y and Z denote the three Stoke’s
parameters. Since S = ~ sin 2χ kˆ (see Eq. (6) and Figs.
2(a)-2(b)), the Y coordinate directly gives the spin angu-
lar momentum per photon in units of ~ along the propa-
gation direction.
We also note that the reflection matrix from TI to air
can be represented in the |p〉 − |s〉 basis as
R =
1
∆
(β I+ σ ·B) , (7)
where B is a constant vector B = (η, 0,−γ), whose com-
ponents are related to the parameters of our topological
system, and σ is a vector containing Pauli matrices as
its components20. The functional form of Eq. (7) then
allows us to interpret the eigenstates of R as those of an
effective Hamiltonian matrix H = σ ·B for an electron in
a magnetic field B.
Now for a usual dielectric the effective magnetic field
becomes B = (0, 0, 1 − ) and the resulting eigenstates
are the two points on the Z axis corresponding to the
|p〉 and |s〉 polarization (points A and A′ in Fig. 2(c)).
Introduction of loss or variation of the incidence angle
does not alter these two polarization coordinates.
For a lossless TI the effective field B is real and the
eigenstates are represented by a rotated pair of antipo-
dal points on the equator along the support of B (points
B and B′ in Fig. 2(c)). These corresponds to photons
inside TI having polarization states |q±〉 given by a lin-
ear combination of |p〉 and |s〉 with real coefficients, i.e.,
linearly polarized states.21 Since the transmission matrix
T is also real in this case, the states of the emitted pho-
ton |w±〉 still lie on the equator carrying no spin angular
momentum.
However, for a lossy TI the effective field B becomes
complex and the corresponding eigenstates are no longer
confined in the equator. Since H is no longer Hermi-
tian, the two eigenstates instead of being antipodal pairs
(〈q−|q+〉 6= 0) become diametrically opposite points hav-
ing the same Y coordinates (points C and C ′ in Fig.
2(c)) as they maintain an orthogonality relation with-
out complex conjugation qT−q+ = 0.
22 Since H does not
contain any angle parameter, polarization of the eigen-
states do not depend on the incidence direction of pho-
tons. While the transmission matrix T explicitly depends
on the incidence angle ϑ′, for any value of ϑ′ it maps the
eigenstates of R (see Eq. (1)) to fixed states |w±〉 in
the Poincare´ sphere.23 Moreover, the eigenstates of the
emitted photons also obey wT−w+ = 0. Therefore each
radiated photon carries an equal amount of nonzero spin
angular momentum for both eigen-polarizations, in all
emission directions, with the normal component given
by
Sn =
4~κ Im[ζ]
4κ2 + |ζ − 2κ2|2 cosϑ, (8)
where ζ = γ +
√
η2 + γ2.
Note that both magnetoelectric coupling and material
absorption are required for the presence of spin angular
momentum in the thermal radiation. This is illustrated
in Fig. 3(a) which shows the magnitude of Sn (in units of
~) for a photon emitted at a certain angle as a function
of the coupling constant κ, for different amount of loss in
the TI.
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FIG. 2. Poincare´ sphere representation for the eigenstates of thermal photons. (a) The polarization state of light having p and s
components Ep = cos
θ
2
and Es = eiφ sin
θ
2
can be completely determined by two new angle parameters19: ψ and χ which give the
tilt angle and a measure of eccentricity of the polarization ellipse, respectively (0 ≤ ψ < pi and |χ| ≤ pi/4 with χ < 0 for electric field
rotating in a right-hand sense with respect to propagation direction). (b) The corresponding state is represented (by the normalized Stokes
vector) as a point on the surface of Poincare´ sphere: the two poles correspond to circular polarization while points on the equator are
linearly polarized. Any other point between these two extrema would denote an elliptic polarization with continuous variation in tilt and
eccentricity. Note that the stokes parameter given by the Y coordinate y = sin 2χ = sin θ sinφ directly gives the spin angular momentum
of the photon in units of ~. (c) The two eigen-polarization states for thermal photons coming from a usual (lossless or lossy) dielectric
(points A and A′) are the usual p and s polarized light. Introduction of magnetoelectric coupling in the absence of loss shifts the two
eigenstates along the equator (points B and B′, the dashed line represents their being diametrically opposite) but still the corresponding
photons do not carry any spin angular momentum. Finally, addition of loss lifts the points off the equator (points C and C′) and the
thermal photons from lossy TI start carrying some degree of circular polarization.
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FIG. 3. Spin angular momentum in thermal radiation from a lossy TI. (a) Magnitude of the normal component of spin angular momentum
per photon emitted at a certain angle, for different values of magnetoelectric coupling κ and loss in the medium. Note that the spin angular
momentum is nonzero when both coupling and loss are present. Dotted lines have been used to show its functional dependence on the
coupling constant as κ can only assume values which are integer multiples of the fine structure constant due to quantization of the axion
field. (b) Dependence of the normal component of spin angular momentum on the emission angle ϑ.
As follows from Eq. (8), Sn ∝ cosϑ; this behavior is
illustrated in Fig. 3(b) for the typical value of κ = α.
Note that even though the spin angular momentum per
photon along the propagation direction is the same for all
emission angles, the normal component varies but does
not change sign.
Although the fact that the emitted photons in the two
eigen-polarization states carry elliptic polarization (see
insets of Fig. 2(c) near points C and C ′) not only in the
same amount but also in the same rotational sense as
well (clockwise or counter-clockwise) may seem counter-
intuitive, it does not violate any symmetry of the system,
as the spin-momentum locking of surface state electrons
in TIs inherently maintains a preferred chirality towards
the surface normal8. Moreover, the emission of spin an-
gular momentum from a TI surface does not break any
4conservation law in as much the same way as linear mo-
mentum is conserved during generation of radiation pres-
sure in thermal emission.
While the above analysis considered only one side of
a TI slab, it can also be applied to a finite slab with
thickness greater than the absorption length. The two
interfaces in that case will generate spin angular momen-
tum flux in the opposite directions.
Note that, in contrast to thermal emitters with a struc-
tured interface7 that do not radiate light with the same
degree of circular polarization in all directions, a slab of
TI would radiate an equal amount of spin angular mo-
mentum for all emission angles. Offering the control over
the spin angular momentum of the thermal radiation, TIs
can therefore find potential applications in the generation
of structured light from thermal sources.
Furthermore, with the mapping to the effective Hamil-
tonian of electron in magnetic field via Eq. (7), the lossy
TI system considered in our present work can be used to
realize complex solid state quantum gates, for example
the square root of NOT gate24
√
NOT =
1
2
(
1 + i 1− i
1− i 1 + i
)
(9)
can be implemented with a low-loss TI (with Im[] =
O(κ)).
In conclusion, thermal radiation from topological insu-
lator carries nonzero spin angular momentum. This can
be of practical importance for generating thermal fields
with elliptic polarization, and as a manifestation of the
presence of an axion field in a thermal emitter that can
be used for its detection and measurement.
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